The atomic dipoles in the Rabi lattice model exhibit quantum Ising dynamics in the limit of strong atom-photon interaction. It governs the para-to ferro-electric phase transition in the ground state. On an open chain, it implies the existence of two Majorana-like, albeit topologically unprotected, edge modes in the ordered phase. The relation ρ x 1L = p 8 between the end-to-end dipole correlation, ρ x 1L , and the spontaneous polarization, p, is proposed as an observable signature of these edge modes. The DMRG calculations on the one-dimensional Rabi lattice support the strong coupling quantum Ising behavior, and correctly yield the proposed end-to-end dipole correlation. The conditions which protect the edge modes against the adverse perturbations are also identified.
Introduction. The lattice models of quantum cavities have received much attention recently, for emulating the Bose-Hubbard model by exhibiting the Mott-insulator to superfluid quantum phase transition for photons [1] [2] [3] [4] [5] . A quantum cavity refers to an interacting matter-radiation system inside a high-Q resonator (cavity) [6] . The simplest of it can be modeled as a two-level atom interacting with a single mode of quantized radiation. It is believed that such lattice models may be realized, for example, by engraving an array of cavities in a photonic band-gap material [3, 7] , or as a circuit-QED system [8, 9] , and will be useful in studying quantum many-body problems, like the cold atoms in optical lattices [10] .
The superfluid to insulator transition in the ground state of the Bose-Hubbard (BH) model is an example of a U(1) symmetry-breaking quantum phase transition (QPT), driven by the competition between kinetic energy and local repulsion [11, 12] . Another case which beautifully typifies QPTs is the quantum Ising (QI) model [13, 14] . It describes an Ising system in a field transverse to the Ising axis, and exhibits a Z 2 symmetrybreaking transition. The QI model has been used to study a variety of physical problems [14] [15] [16] . It has also served as an important point of reference in the general understanding of QPTs [17] .
The one-dimensional (1D) spin-1/2 QI model with only nearest-neighbor interaction is exactly soluble using Jordan-Wigner fermionization [13] . For the 1D QI model in the fermionized form, viz. a p-wave superconducting chain, Kitaev observed that the two ends of an open chain carry a Majorana fermion each [18] . A fermion which is Hermitian (an anti-particle of itself) is called a Majorana fermion [18] [19] [20] . There has always been a great interest in finding the Majorana fermions in nature. In recent times, the proposed role of Majorana fermions in topological quantum computation [18, 21] has invigorated their search in condensed matter systems [22] [23] [24] . Notably, the Majorana fermions in Kitaev's quantum wire are topologically protected from local perturbations [18, 25] . This * bkumar@mail.jnu.ac.in is not so for the Majorana fermion modes in the QI chain. To keep this distinction, we call the Majorana modes in the QI chain as 'Majorana-like edge modes', or simply the 'edge modes', as the term 'Majorana modes' is often used for the topologically protected ones.
In this paper, we present a case for the realization of Majorana-like edge modes, through QI dynamics, in the Rabi lattice model (RLM). By RLM we mean an array of the Rabi quantum cavities where in each cavity a twolevel atom (or a spin-1/2) is coupled via dipole interaction to a single photon mode, and the inter-cavity coupling causes photon hopping. We show that the RLM in the limit of strong atom-photon coupling rigorously tends to the QI model, that governs para-to ferro-electric QPT therein. It also gives two Majorana-like edge modes in the ordered phase of the 1D RLM. We propose ρ
as a signature of these edge modes, where p is the bulk polarization and ρ x 1L is the end-to-end correlation of atomic dipoles in the ground state on an open chain of L cavities. We identify conditions that save the edge modes from the detrimental perturbations such as a stray electric field. We support our findings by doing DMRG (density matrix renormalization group [26] ) calculations in 1D.
Rabi lattice model. A Rabi quantum cavity is a minimal atom-photon problem described by the Rabi model:
, where ω is the photon energy and ε is the atomic transition energy. The dipole interaction, p · E, is written as γσ x (â † +â), where γ denotes the atom-photon coupling,â (â † ) is the photon annihilation (creation) operator, and the Pauli operator σ x = |e g| + |g e|, measures the atomic dipole, p [27] . Moreover, σ z = |e e| − |g g|, and |e g| = σ + . The kets |g and |e denote the atomic ground and excited levels, respectively. TheĤ R is deceptively simple, with no closed-form exact solution yet, although it has been studied extensively [28] [29] [30] . A popular variant of this by Jaynes and Cummings is however exactly soluble [31] .
In the Jaynes-Cummings (JC) model, the atom-photon interaction is taken as γ(σ +â + σ −â † ), by dropping the counter-rotating terms,
, from γσ x (â † +â). This so-called rotating-wave approximation (RWA) is applicable close to resonance (ω ε) for weak couplings (γ ω). It leads to the conservation of 'polariton' number,â †â + σ + σ − , in the JC model, and makes it analytically soluble. This continuous U (1) symmetry is absent in the Rabi model, which only has a discrete parity symmetry, −χσ z , whereχ = (−1)n andn =â †â . The studies that find the superfluid-insulator QPT for photons have focussed on the arrays of JC cavities [1] . Since the RWA and photon hopping together conserve the total polariton number, the JC lattice models exhibit a spontaneous U (1) symmetry-breaking transition akin to the BH model. However, inside a high finesse cavity with strong atom-photon interaction, the counterrotating terms would inevitably express. Recent studies indicate a good possibility of going beyond RWA into the strong coupling regime [32, 33] . It is therefore important to understand the physics of cavity lattice models without RWA. Hence, we study the RLM, written below.
Here,Ĥ R,l denotes the l th Rabi cavity in the lattice. The second term inĤ is the nearest-neighbor photon hopping with amplitude t. (The rates of various incoherent losses are assumed to be γ, ω, ε and t.) In the RLM [that is,Ĥ of Eq. (1)], the parity of individual cavities is not conserved, because the photon hopping incessantly changes the photon numbers in the cavities which causes the the local parities to fluctuate between odd and even. However, the global parity, l (−χ l σ z l ), is still conserved. As the global parity is a discrete symmetry, a QPT in the RLM would occur by breaking it, and not be accompanied by gapless excitations in the 'ordered' phase (also noted in Ref. 34 ). In fact, we find the Rabi lattice to exhibit quantum Ising transition. Below we establish this by transformingĤ to a form wherein the underlying QI dynamics becomes evident.
Quantum Ising dynamics. Consider σ
Under this transformation, then l and σ x l stay unchanged, whilê U †â
Thus, in the transformed Rabi cavity, the dipole interaction turns into the displacement field, γ(â † l +â l ), the parity is given by σ z l , and σ x l continues to be the atomic dipole. In the Rabi lattice model transformed underÛ ,
the atom-photon interaction, now a displacement field, guarantees â l = 0. Thus, a static 'electric' field, proportional to γ, is ever present. Through hopping, this would generate an 'Ising' interaction between the atomic dipoles. Moreover, a renormalized ε would act as a 'transverse' field on the local parities. Hence, the quantum Ising dynamics in the Rabi lattice model. Although the photon fluctuations above the static field would also be present, we can neglect them in the strong γ limit.
To give this discussion a proper form, we transform
This is the RLM explicitly in terms of the static field, γ/ω, and the photon fluctuations. Now invoke the strong coupling limit, γ/ω 1. That is, neglect the photon fluctuations inĤ 2 . The limiting strong coupling problem,Ĥ *
, is diagonal in photons, and has the structure of QI model, wherein for different photon occupancies |{n l } , the dipoles and parities follow QI dynamics with differing transverse fields (and reference energies). This result is valid on a lattice of any form and dimension. Here, L[n l , x] is the Laguerre polynomial of order n l with x = 4γ 2 /ω 2 . For small enough hopping (tγ 2 /ω 2 ω), the lowest bunch of eigenstates ofĤ 2 correspond to the |{n l = 0} form of H * 2 , that is, the following QI model.
Here, the Ising interaction, J = −2t is a constant. Notably, when t is only moderately small (tγ 2 /ω 2 ω), the ground state of the RLM is still described reasonably byĤ QI . We have checked this, and the above proposition, aboutĤ QI by doing exact numerics on small clusters. For large L, the DMRG calculations presented below clearly confirm the strong coupling QI dynamics.
Ground state properties. The QI model is a wellstudied problem. For the RLM ground state, it predicts two distinct phases. For |J| h, the Rabi lattice would exhibit spontaneous polarization. In this ferro-electric (FE) phase, the order parameter, p = PE phase may likewise be called a Mott phase. However, it not quite so because a Mott insulator is characterized by an integer polariton number per cavity, which is not true for the Rabi cavity. Moreover, the FE phase is not the usual superfluid described by a U(1) order parameter with gapless modes. Instead, it has an Ising (Z 2 ) order parameter with gapped excitations. Notably, the excitations in both the phases of QI model are gapped, except at the critical point where the gap closes continuously. The reduction factor, exp (− 2γ 2 ω 2 ), renders the value of ε unimportant, as h would invariably be small for γ ω
1.
Thus, it is immaterial whether ε is near resonance or not. It also implies that the critical hopping, t c , for the PE-FE transition would vary on an exponentially small scale.
To explicitly validate the strong coupling behavior, and to see deviations from it, we investigate the 1D Rabi lattice using DMRG. Since the 1DĤ QI is exactly soluble, it allows for proper comparisons with the DMRG results.
For the 1D QI model, the exact polarization in the FE phase is p = (1 − Using DMRG, we compute p as a function of t in the ground state of RLM (in theĤ 2 form). It exhibits PE to FE QPT, and agrees nicely with the strong coupling QI form (see Fig. 1 ). These calculations are done with four photon states (n l = 0, 1, 2, 3) per cavity for L upto 600.
Since the exact quantum critical point for PE to FE transition inĤ QI in 1D is λ = 1 [13] , the strong coupling critical hopping is t * On an open chain, the strong couplingĤ QI guarantees that the Rabi lattice has two edge modes in the FE phase. While the basic degrees of freedom in QI model (or RLM) are not fermions, the exact quasiparticles in the 1D QI model are fermions, of which, one consists of two Majorana-like modes localized at the edges of the chain in the ordered phase [13, 18] . Here, we address two points about these edge modes: 1) an observable signature, and 2) their stability against a 'longitudinal' perturbation, l η l σ . We realize this to be a consequence of the edge modes [38] . Hence, we propose ρ x 1L = p 8 as a signature thereof. It relates two observables without explicitly involving model parameters. We do find this behavior in the 1D Rabi lattice. See Fig. 3 (produced by varying t) .
, would also show p 8 behavior for a strong but fixed γ ω . The twofold ground state degeneracy of the QI model for λ > 1, in the thermodynamic limit, is due to the zero energy of the edge modes. For a finite L, this degeneracy is lifted by an amount λ −L , causing tunneling between the edge modes [13, 25] . Since it is very small compared to the bulk quasiparticle gap for any finite L (L = 104, FE), all others have L = 400. In the random case, η l is randomly ±0.1 (on every site), and the data is averaged over 100 ensembles. Here, ps is the staggered order parameter (for the anti-ferro J). To protect the edge modes from an η stronger than 1 L , having an anti-ferro J (negative t) helps. As the ground state now is anti-FE ordered (for the nearest-neighbor case), its degeneracy is immune to a uniform η ∼ O(1) sufficiently smaller than the gap. Moreover, a staggered η l ∼ (−1) l which can lift the degeneracy of the anti-FE ground state is not trivial like having a uniform η, and is probabilistically very unlikely (if η l 's are randomly ±).
In Fig. 4 , the DMRG data on the QI chain (produced by varying |J| for h = 1) supports our observations. Notably for strong |J|, the different cases of η (including the random η l = ±0.1) fall on the exact line. Moreover, the anti-ferro case shows better protection against uniform η. It also applies to the strong coupling 1D RLM, but the values of η rescale by Conclusion. For the emergence of QI dynamics in the Rabi lattice model, it is crucial not to enforce RWA on the dipole interaction. The strong coupling QI dynamics in the 1D Rabi lattice with open boundaries gives two Majorana-like edge modes in the ordered phase. These modes can be observed via the relation, ρ x 1L = p 8 , between the end-to-end dipole correlation and the order parameter. Even without the topological protection, the QI edge modes are found to be safe against the longitudinal field within some practical bounds (the anti-ferro order helps). This stability check for the QI edge modes is not exhaustive but a useful beginning into the hitherto unaddressed questions. It is necessary, for example, to also study the effects of frustration and dissipation on these edge modes, and to find ways to use them. Some of these studies will be discussed elsewhere [39] .
